The growth index γ is an interesting tool to assess the phenomenology of dark energy (DE) models, in particular of those beyond general relativity (GR). We investigate the possibility for DE models to allow for a constant γ during the entire matter and DE dominated stages. It is shown that if DE is described by quintessence (a scalar field minimally coupled to gravity), this behaviour of γ is excluded either because it would require a transition to a phantom behaviour at some finite moment of time, or, in the case of tracking DE at the matter dominated stage, because the relative matter density Ω m appears to be too small. An infinite number of solutions, with Ω m and γ both constant, are found with w DE = 0 corresponding to Einstein-de Sitter universes. For all modified gravity DE models satisfying G eff ≥ G, among them the f (R) DE models suggested in the literature, the condition to have a constant w DE is strongly violated at the present epoch. In contrast, DE tracking dust-like matter deep in the matter era, but with Ω m < 1, requires G eff > G and an example is given using scalar-tensor gravity for a range of admissible values of γ. For constant w DE inside GR, departure from a quasi-constant value is limited until today. Even a large variation of w DE may not result in a clear signature in the change of γ. The change however is substantial in the future and the asymptotic value of γ is found while its slope with respect to Ω m (and with respect to z) diverges and tends to −∞.
Introduction
The present accelerated expansion of the universe remains a theoretical challenge. A wealth of theoretical models and mechanisms were put forward in order to explain it, see the reviews [1] . Remarkably, the simplest model based on GR with a cosmological constant Λ provides a very good fit to all existing observational data, especially on large cosmic scales. Hence this model, apart from the unsolved problem of theoretical derivation of Λ from quantum field theory, provides a benchmark for the assessment of other dark energy (DE) models. One way to make progress is to explore carefully the phenomenology of the proposed models and to compare it with observations [2] . It is important then to find tools which can efficiently discriminate between models, or between classes of models (e.g. [3] ). The growth index γ, which gives a way to parametrize the growth of density perturbations in non-relativistic matter component (cold dark matter and baryons), is an example of such phenomenological tool. This approach was pioneered long time ago in order to discriminate spatially open from spatially flat universes [4] and then generalized to other cases [5] . It was later revived in the context of dark energy [6] , with the additional promise to single out models formulated outside GR. A crucial property is that the growth index has a clear signature in the presence of Λ: the growth index at very low redshifts lies around 0.55 and it is quasi-constant. This behaviour can be extended to smooth noninteracting DE models inside GR with a constant equation of state w DE , while a strictly constant γ is very peculiar [7] . Such behaviour is strongly violated in some models beyond GR, see e.g. [8, 9] . In order to gain more understanding, it is interesting to investigate mathematically for which models of DE the growth index can be exactly constant, whether inside or outside GR, to see if such models are physical and distinguished in some way. That is why this inverse dynamical problem is solved below.
The growth index
Let us consider the evolution of linear scalar (density) perturbations δ m = δρ m /ρ m in the dust-like matter component in the Universe. Deep inside the Hubble radius their dynamics is given by the equation
where the Hubble parameter H(t) ≡ȧ(t)/a(t) and a(t) is the scale factor of a Friedmann-Lemaıtre-Robertson-Walker (FLRW) universe filled by standard dust-like matter and DE components (we neglect radiation at the matter and DE dominated stages). In the absence of spatial curvature, the evolution of the Hubble parameter as a function of the redshift z = a 0 a − 1 at z ≪ z eq reads h 2 (z) = Ω m,0 (1 + z) 3 + (1 − Ω m,0 ) exp 3
with h(z) ≡
. Equality (2) will hold for all FLRW models inside GR. Taking into account that the relative density of matter component in terms of the critical one Ω m = Ω m,0
, the useful relation follows:
Instead of working with the quantity δ m , it may be convenient to introduce the growth function f ≡
. Then using (3) , it is straightforward to show that the equation (1) leads to the following nonlinear first order equation [10] 
with x ≡ ln a. The quantity δ m is easily recovered from f , viz.
Clearly f = p if δ m ∝ a p (with p constant). In particular f → 1 in ΛCDM for large z and f = 1 in the Einstein-de Sitter universe.
In order to characterize the growth of perturbations, the following parametrization has been intensively used and investigated in the context of dark energy
where γ is the growth index. The characterization of the growth of matter perturbations using a parametrization of the form (6) has attracted a lot of interest with the aim to discriminate between DE models based on modified gravity theories and the ΛCDM paradigm. We will keep this definition in the general case whenever the growth of matter perturbations has no explicit scale dependence and when neither Ω m , nor γ are constants:
Maybe rather unexpectedly since no "conservation law" for γ exists, it appears that the growth index is quasi-constant for the standard ΛCDM, and we will return to this point later. Such a behaviour holds for smooth non-interacting DE models when w DE is constant, too [7] . That is why it is important to investigate whether, and when, the growth index γ can be exactly constant. We will address this question and review some of the results already obtained. An additional interesting point is to investigate whether and how these results are affected when the evolution of matter perturbations is modified. It is known that the behaviour of γ(z) can substantially differ from its behaviour in ΛCDM in some modified gravity DE models.
In many DE models outside GR the modified evolution of matter perturbations has the following formδ
where G eff is some effective gravitational coupling appearing in the model. For example, for effectively massless scalar-tensor models [11] , G eff is varying with time but it has no scale dependence while its value today is equal to the usual Newton's constant G. Introducing for convenience the quantity
eq. (8) is straightforwardly recast into the modified version of Eq. (4), viz.
Note that in (10), we keep the same GR definition Ω m = 8πGρm 3H 2 in models beyond GR, i.e. using the Newton gravitational constant G, and not G eff . As as result, Ω m defined in this way may exceed unity and then ρ DE becomes negative. Then, from (10) it is straightforward to deduce the following equality
The case g = 1 reduces to GR. Below for any quantity v, v ∞ , resp. v −∞ , will denote its (limiting) value for x → ∞ in the DE dominated era (Ω m → 0), resp. x → −∞ (Ω m → 1 unless we have early dark energy, see below). In the sequel we will consider models with a constant growth index γ. Note that in the opposite case, the first term of the numerator in (11) whose magnitude is a priori unknown could become significant. In order to remain finite,
A constant growth index inside GR
Important results can be derived assuming γ is constant. We start our analysis with models inside GR for which one has
We see immediately from (12) that w DE = constant is incompatible with a constant growth index γ inside GR. The function F (Ω m ; γ) introduced in (13) encodes the evolution of w DE as a function of Ω m from the asymptotic future with
to the asymptotic past with
in case of non-tracking DE in the past (w −∞ < 0). Hence we have in the asymptotic future (Ω m → 0)
The conditions w ∞ < − 1 3 , and w ∞ nonsingular, yield the allowed interval 0.5 < γ < 1 .
Though later on the interval (17) will be refined due to other physical considerations, the interesting interval for viable models will remain inside (17) . We note further that
which differs substantially from the value realized in ΛCDM around the present epoch.
In the asymptotic past (Ω m → 1), we obtain
.
As we require w −∞ < 0, from (18) and (17) we must have F (1; γ) > 0, and we obtain the refined bounds 0.5 < γ < 0.6 ,
substantially reducing the allowed interval (17) . For γ = 0.6, DE behaves like dust in the asymptotic past. We can find a good estimate of the interval yielding a viable EoS at the present time. Assuming −1.2 ≤ w DE,0 ≡ w 0 ≤ −0.8 which covers more than 2σ present observational bounds, we get
where we have used w 0 (γ = 0.554094) = −1.2 and w 0 (γ = 0.567628) = −0.8 and we take Ω m,0 = 0.30, see Figure 1 . Actually for a constant γ, all background quantities are given in parametric form as follows
For γ in the interval (19) , the following consistent limits are indeed obtained
Note that integrability of the problem involved is not restricted to the case of a constant γ. As was shown in [12] , the inverse problem of the determination of the scale factor a(t), the relative Hubble function h(z) and the corresponding w DE can be solved explicitly for any given behaviour of δ m (a). Inside the interval 0.5 < γ < 6 11 a phantom behaviour is obtained, with w −∞ → −∞ for γ → 0.5. Hence for quintessence (a minimally coupled scalar field), for which strong and null energy conditions may not be violated, the interval 0.5 < γ < 6 11 is excluded and the allowed interval for quintessence reduces to
The value γ = 6 11 = 0.545454... corresponds to w −∞ = −1. As w ∞ < −1 for 0.5 < γ < 2 3 , phantom behaviour is unavoidable in the future for the interval (26). For the specific case γ = 0.6, we have w −∞ = 0, however with Ω −∞ ≡ Ω m (x)| x→−∞ = 1. Thus, there are no viable non-tracking quintessence models for which γ is exactly constant [13] .
But more interesting cases do exist in the case of tracking DE in the past when w −∞ = 0. Indeed the roots of the equation F (Ω m , γ)| x→−∞ = 0 determine the cases when DE has a zero pressure deep inside the matter dominated stage so that it is tracking at this stage. This can occur for Ω −∞ < 1 if 0.6 < γ < 1. In particular we have the solutions (see Figures 2) 
However, while only the upper case (27) is consistent with the strong observational constraints requiring ε < 1% [14] , such universes would nevertheless lead to a phantom behaviour in the future, so that quintessence still cannot play the role of DE in (27). This is avoided for (28)- (29), so these solutions are in principle allowed for quintessence. Interestingly, for (28) DE tends to a cosmological constant behaviour in the future, but this model is not viable because Ω m would be too small at the matter dominated stage. As γ increases, this problem becomes sharper. As a corollary, universes with a constant γ ≥ 2 3 driven by dust and quintessence are mathematically possible but excluded by observations. Finally, the only way that both γ and w DE are constant at all times is that Ω m be always constant as well. This can only be achieved with w DE = 0 which obviously cannot describe our universe dynamics at all times. These universes correspond to the roots of F (Ω m ; γ), their expansion is that of Einstein-de Sitter universes. Note that these solutions are unstable, the slightest deviation of Ω m , keeping γ constant, will lead to a varying w DE . To summarize, a constant growth index γ during the entire evolution of our universe is ruled out for constant w DE and for quintessence.
Solving for the evolution of γ inside GR
While we are mainly interested in a constant γ and generically γ cannot be strictly constant forever, it is interesting that many models actually produce a quasi-constant γ until today. We now turn to the evolution of γ for some of these models inside GR. Let us consider first the equation governing its dynamics. The simplest way is to write it using the variable Ω m . Then we obtain
where we have set
The entire possible evolution of the universe lies in the interval Ω m = [0, 1]. Let us start with models having a constant w DE < 0. In this case a constant γ is obtained numerically in the past starting actually from some low redshifts z ∼ 3 on. Hence in the past we are in the regime where γ is constant and we can use (18) in order to relate the initial value γ −∞ ≡ γ(Ω m = 1) with the constant factor α < −1. We obtain straightforwardly
Hence the natural thing to do from a mathematical point of view is to solve the exact equation (30) 
The above expression is remarkably accurate. Actually its accuracy is below the percent level already at first order for the present value γ 0 = γ(Ω m,0 ). This means that we happen to live at the epoch where γ starts to deviate from a constant behaviour. In order to use the quantity γ to constrain cosmological models, it will be more convenient to use the redshift z, or some other variable closely related to it, instead of Ω m . We will return to this point later. Before doing that we will find the value of γ in the asymptotic future (Ω m = 0). This is a mathematically interesting issue. Solving equation (30) in the regime Ω m → 0, namely
the following leading order solution is obtained in the future
where C is some constant. Hence, γ tends to the constant value
which corresponds to the particular constant solution of the inhomegeneous equation (34). Obviously, for a non constant w DE with w DE → w ∞ , we simply substitute α ∞ = 3w ∞ in (36). × 10 −6 with γ 0 = 0.634403 (black). In the first four cases it is seen that while a finite value is obtained in the asymptotic future, this value is reached with a diverging slope in accordance with equations (35) and (38). For the black curve with w DE ≈ 0, a very large value is obtained, the value itself would diverge for w DE → 0. We zoom on the asymptotic behaviour on the right panel.
When this value is substituted in (16), w ∞ corresponding to a constant γ is recovered. Hence for a given value w ∞ , the same asymptotic value γ ∞ is obtained in the future whether we assume γ to be constant or not, viz.
where the left hand side corresponds to a constant w and a varying γ while the right hand side corresponds to the opposite case. The slope dγ dΩm however diverges with
This behaviour is illustrated in Figures 3 . The derivative with respect to z diverges also. Note that (38) implies that
as it was emphasized at the end of Section 2 for the quantity w DE to remain finite.
The same procedure can be applied to the asymptotic past Ω m → 1. We write (30) in this limit and the solution is then
where D is some integration constant. To avoid a singular behaviour, D must be set to zero. Here too, γ −∞ corresponds to the particular constant solution of (30) in the limit Ω m → 1. From a practical point of view the use of the redshift z rather than Ω m is more useful. It is straightforward to rewrite the equation for the evolution of γ in terms of the variable y ≡ a a 0 which yields 2 ln Ω m y dγ dy
Eq.(40) can be solved for models where Ω m is known in function of y and w DE is dynamical, provided its dynamics in terms of y is known as well. Actually, if w DE (y) is known, then the background evolution, and hence Ω m (y), is completely specified. Let us start with a constant w DE = w 0 . We can follow the same procedure as before, taking the initial condition (32). Of primary interest for the confrontation with observations is the evolution of γ around the present time, i.e. around y = 1. Written in terms of z this expansion becomes
with
The present-day value γ 0 must be found numerically using Eq.(40). Like for the expansion (33), (41) has an accuracy below the percent level already at first order up to z ≈ 3. We stress that γ (1) is a known function of the underlying parameters Ω m,0 and w 0 , not an additional free parameter, and in particular that it depends also on γ 0 .
The useful expansion is really in terms of the variable 1−y ≡ z 1+z
. The advantages of this variable is well-known in the cosmographic approach, and this variable is actually used for the definition of the (CPL) parametrization [15] w DE (y) = −1 + A + B(1 − y) ≡ w 0 + w a (1 − y) .
Next step is to consider dynamical dark energy models. Eq. (40) is readily applied to any parametrized model w DE (y). The motivation here is to use a parametrised expression for the underlying equation of state w DE , and then to use the accurate result (41) instead of looking for some parametrized form for γ. It is straightforward to find the first two terms of the expansion (41) for the CPL model. The value γ 0 has to be found numerically and will depend on both parameters. We can use the same procedure as for a constant EoS in order to find the initial value γ −∞ because in the past w CP L tends to a constant value so that we get now
The quantities γ 0 and γ −∞ depend on both parameters w 0 and w a . In contrast, the coefficient γ (1) is again given by (42) and does not depend explicitly on B (w a ). Indeed the coefficient B does not appear explicitly at first order of the expansion (41) for the parametrization (43). The expression (41) here too is very accurate already at first order up to z ∼ 3. For example, for A = B = 0.1 and Ω m,0 = 0.30, we obtain numerically γ(z = 3) = 0.550922. If we use the expansion (41) with (42), one obtains γ(z = 3) = 0.548222 with γ 0 = 0.558862 obtained numerically. One should compare these numbers to the value γ −∞ = 0.551020 and we note that γ(z = 3) is already very close to this value. A variation of the EoS will hardly be observable for a modest change in γ.
A constant growth index beyond GR
As modified gravity DE models are known to allow for an effective DE component of the phantom type [11, 16] , they cannot be ruled out for the same reason as quintessence. One could expect that these models offer better prospects to accommodate a constant γ, possibly with a constant w DE or with tracking DE and we turn now our attention to these questions.
For constant γ and g = 1 our starting point is
We see that w ∞ is again given by (16) with γ in the interval (17) . Looking at the asymptotic past, we obtain
where we have defined
Clearly g −∞ = 1 to avoid that w −∞ diverges. We have therefore
. For b < 0, we have 0.6 < γ max (b) < 1 for − 2 3 < b < 0. As expected, the allowed interval (19) is re-obtained for b = 0 and for b > 0 (48) shrinks to zero when b → ∞. Hence the interval (17) is not necessarily reduced by constraints from the past universe. Further w ∞ is no longer of the phantom type if 
A constant w DE
We derive now the condition for w DE to be constant. It is easy to see that this is achieved provided the following equality hold
which constrains the evolution of g as follows
As a result of (50) we have g → 0 for Ω m → 0 and again g → 1 when Ω m → 1. A powerful constraint on g is implied by (50), viz.
In the DE domination it is clear that (50) would be strongly violated for g = 1 and this violation will be even stronger for g > 1. According to Eq.(50), g would eventually vanish in a DE dominated universe. We recover in particular the result that a constant growth index is not possible inside GR for a constant equation of state w DE . Interestingly, a value γ 0 < 0.5 would also increase the r.h.s. of (50) at the present epoch, but γ cannot have this value during the entire evolution of the universe. We can also use (50) in a different perspective: knowing that w DE is constant, is it possible to have a constant γ? We see from (50) that this is possible for g = 1 and Ω m ≈ 1. So a constant w DE is compatible with a constant γ inside GR deep in the matter era with w DE = w −∞ and the corresponding γ is found from eq. (18) . It is interesting to relate this result to ΛCDM. On very low redshifts, z 0.5, we obtain to high accuracy [7] γ(z) ≃ γ 0 (Ω m,0 )−0.02 z with γ 0 ≈ 0.55 depending on Ω m,0 ≈ 0.3. While in the DE dominated stage, ΛCDM would violate (50) (with g = 1), on larger redshifts γ tends to the slightly lower asymptotic value γ −∞ = 6 11 which is essentially reached for z 3 confirming our results.
It is also interesting to consider a situation where w DE = w 0 is constant (but w 0 = w ∞ ) on a restricted part of the expansion only which we take around the present time. Then during that stage, the relation (50) taken at the present time is generalized to
where we have defined β ≡ −3w 0 (2γ − 1). Eq.(50) taken today is recovered for β = 1. Then again (52) would be generically strongly violated if a constant γ is kept around the present time. This is particularly interesting for all modified gravity DE models which are known to produce w 0 ≈ −1 at the present epoch. For example, for w 0 = −1, γ = 0.6, and Ω m,0 = 0.30, we obtain g 0 = 0.90, still significantly less than one. This is to be compared with g 0 = 0.68 for β = 1. We want to comment finally on a possible scale dependence of the growth index. In many modified gravity DE models [16] the appearance of a fifth force, and its effective screening on small scales where this fifth force should not be felt, implies generically a scale dependence of g and therefore of the perturbation growth on large cosmic scales. In that case we can still use (45), however for each scale k −1 separately and the growth index γ, though constant in time, will differ for different scales. All the results derived above hold for each scale separately.
Let us now apply our results to some concrete models outside GR. We choose one model, a model based on scalar-tensor gravity where the growth of perturbations deep inside the Hubble radius is scale-independent and another family of models, f (R) DE models, where the growth is scale-dependent, too. a) We consider first the scalar-tensor (ST) DE model considered in [11] with Lagrangian
with a version of this model which is essentially massless on cosmic scales 1 . In this unscreened version of the model, the quantity G eff affecting the perturbations growth through (8) corresponds also to the gravitational coupling between two test masses in a laboratory experiment and it is given by the expression G eff = 1 8πF
. Hence its value today G eff,0 is equal to the Newton constant G, and we have today g = 1. By having today a very large Brans-Dicke parameter ω BD,0 , these models obey laboratory and Solar system constraints [17] with (50) is grossly violated today, so this model cannot accommodate a constant growth index γ with a constant w DE . b) An interesting generalization can be given for some modified gravity models like f(R) DE models (see e.g. the review [18] ). These models comply with laboratory and Solar system constraints due to screening of the fifth force for scales that are larger than some critical scale λ c (R). This scale is the Compton length of the scalaron -a scalar degree of freedom, or particle in quantum language, appearing in f (R) gravity -which depends on the Ricci scalar R and finally on the matter density 2 . Then the growth of matter density perturbations obeys Eq. (8), with G eff (z, k) being both time and scale dependent. Due to this screening mechanism, G eff (z, k) reduces to G in high curvature regions. Let us see explicitly how this works for viable f (R) DE models suggested in the literature. We then have [19, 20] :
In viable f (R) models of present DE, all relevant cosmic scales satisfy λ ≫ λ c (R) at the matter era with df dR = 1 to high accuracy. In this way the standard growth of perturbations is regained. At low redshifts however, as the critical length λ c increases significantly with the decrease of matter density and the Ricci scalar R, for cosmic scales smaller than λ c we will have G eff (z, k) > G and matter perturbations on these scales will experience a modified (boosted) growth. As [21, 22] (otherwise a weak curvature singularity appears in solutions), the factor in front of the brackets in (54) increases as the universe expands and it becomes larger than one. So we have for these models g ≥ 1 for any scale at any time. The quantity g becomes as large as 4/3 in the present era on scales λ < λ c where the growth of matter perturbations is boosted, so that (50) gets strongly violated. Actually, for any modified gravity model with g ≥ 1 and for w DE ≈ −1 in the DE domination, (50) or (52) is strongly violated at the present time. It is interesting in this respect that generalized Proca DE models were recently suggested for which g < 1 seems possible [23] .
Tracking dark energy in the matter era
While modified gravity DE models with g ≥ 1 cannot accommodate a constant w DE , let us consider if they allow DE to scale like dust-like matter deep in the matter era with Ω m,−∞ < 1. From (45), the following equation should be satisfied
Equation (55) has solutions only for g −∞ > 1. It is seen that in this case g −∞ is no longer constrained to be equal to one. If we take any realistic Ω m,−∞ < 1, but close to 1, and g −∞ > 1, a γ can be found which solves (55)
It is also seen from (56) that γ is not unique but depends on the model parameters Ω m,−∞ and g −∞ . In case g is scale dependent, (56) should be considered for each scale separately. We will show now how this can be realized using ST gravity. As was shown in [17] , one can construct a so-called asymptotically safe version for which F tends in the past to a constant value F −∞ . So we have in the asymptotic past
the model tends to GR in the past however with the gravitational constant (57) different from its present-day value 1 8πF 0 which is used in the definition of the relative densities Ω i ≡ ρ i 3F 0 H 2 . Matter perturbations on scales deep enough inside the Hubble radius in the past obey eq. (8) with a constant G eff given by (57). In this scenario one has deep in the matter era
We get from the modified Friedmann equations
where
Note that Big-Bang nucleosynthesis bound constraints F −∞ to be close to F 0 and we take F −∞ < F 0 . So we have in particular
So we see that a constant γ (56) can be found which is a solution of Eq.(55). Hence on those scales for which matter perturbations satisfy the modified growth of perturbations with constant G eff given by (57), a constant γ is compatible with DE behaving like dust while Ω m < 1. Interestingly, a second family of tracking solutions are allowed in this model. Indeed, if we take F → F −∞ > F 0 (but again not too much larger), so that now g −∞ = F 0 F −∞ < 1 and Ω m,−∞ > 1, (55) will have solutions corresponding to this case too leading to new tracking solutions.
Conclusion
In this work we have studied the conditions under which the growth index γ of scalar (density) perturbations in the non-relativistic matter component in the Universe (cold dark matter and baryons) can be constant in the presence of DE not interacting directly with matter 3 . We emphasize that we mean by that the condition for γ to be strictly constant during the entire evolution of the Universe after the end of the radiation dominated stage. We have also investigated the possibility for DE models to accommodate for both a constant γ and a constant DE equation of state w DE . It appears that if DE is described by quintessence (a scalar field minimally coupled to gravity) in the GR framework, this behaviour of γ is excluded either because it would require transition to phantom behaviour of DE at some finite moment of time (which is not possible for quintessence), or, in the case of early (tracking) DE at the matter dominated stage, because the relative matter density Ω m appears to be too small. Thus, it seems to be nothing more deep in γ being exactly constant, and its quasi-constant behaviour in the standard ΛCDM and the simplest quintessence models of DE is simply a consequence of a narrow allowed interval for its variation, Eq. (26), even with adding the case Eq. (27) for early DE. We have found that this is also ruled out in many modified gravity models. We have shown it explicitly for massless scalar-tensor DE models and for the f (R) DE models suggested in the literature. In all these models, the condition (50) would be strongly violated at the DE domination, and even stronger on cosmic scales where the growth of matter perturbations is boosted. Assuming w DE = −1 around the present time only would still lead to a strong violation of (50) today. It is interesting that in DE models beyond GR allowing g < 1, like generalized Proca models, violation of (50) today could be milder. Of course, w DE ≈ −1 around the present time is possible in these models if γ is substantially non constant. We believe that the results obtained here, which relate the behaviour of γ with the effective gravitational coupling, shed a new light on earlier findings for f (R) models [8, 9] where the growth index showed substantial variation already on very low z with γ 0 < 0.5. This is interesting in particular as a nonstandard behaviour of the growth index γ could be one of the smoking guns of DE models beyond GR.
